Poisson homogeneous spaces for Poisson groupoids are classfied in terms of Dirac structures for the corresponding Lie bialgebroids. Applications include Drinfel'd's classification in the case of Poisson groups and a description of leaf spaces of foliations as homogeneous spaces of pair groupoids.
Introduction
Dirac structures on manifolds include closed 2-forms, Poisson structures, and foliations. They extend the flexibility of computations with such objects by permitting the passage to both submanifolds and quotients. The combination of these two operations is central to the theory of reduction in Poisson geometry. Dirac structures were introduced by Courant and Weinstein [4] and thoroughly investigated by Courant in [3] . Dorfman [5] used Dirac structures in the context of the formal calculus of variations for the study of completely integrable systems of partial differential equations.
Under a regularity assumption which is always satisfied on an open dense subset, a Dirac structure on a manifold P is locally the same thing as a Poisson structure on the leaf space of a foliation of P . 1 An essential object in the theory of Dirac structures is a natural antisymmetric bracket operation (see Equation (7)) on the sections of T P ⊕ T * P introduced by Courant. Although this Courant bracket does not satisfy the Jacobi identity, it does satisfy that identity on Γ(E) when E is a subbundle of T P ⊕ T * P which is maximal isotropic for the symmetric form (X 1 + ξ 1 , X 2 + ξ 2 ) + = 1 2 ( ξ 1 , X 2 + ξ 2 , X 1 ) and whose sections are closed under the bracket. (For instance, we recover the usual bracket of vector fields on T P ⊕ 0 and the zero bracket on 0 ⊕ T * P .)
The theory of Dirac structures finds an echo in Drinfel'd's theory of Lie bialgebras and Poisson homogeneous spaces [6] [8] . A Lie bialgebra (g, g * ) can be thought of as a pair of Lie algebra structures on a vector space g and its dual having a common extension (which turns out to be unique) to a Lie algebra structure on g ⊕ g * for which the symmetric form ( , ) + is ad-invariant. The Lie algebra g ⊕ g * is called the double of the Lie bialgebra (g, g * ).
The main result of [8] is that maximal isotropic subalgebras of the double correspond (modulo some details concerning closedness and connectedness of subgroups) to Poisson homogeneous Gspaces, where G is the Poisson Lie group whose linearization is the given Lie bialgebra.
The similarities between the Courant bracket and the bracket on the double of a Lie bialgebra were explained in our recent paper [11] , where both were exhibited as special cases in a theory of doubles of Lie bialgebroids. Since the bracket on sections of a Lie algebroid A over P satisfies the Jacobi identity, while the Courant bracket does not, it is clear that one must look beyond Lie algebroids to find these doubles. Hence we introduced in [11] a notion of Courant algebroid, in which the Lie algebroid axioms for a bracket on Γ(A) and a bundle map a : A → P are satisfied only modulo certain "coboundary anomalies," explicitly described in terms of a nondegenerate bilinear form on E which is part of the Courant algebroid structure. When P is a point, the anomalies vanish, and a Courant algebroid is just a Lie algebra with a nondegenerate ad-invariant symmetric bilinear form.
Although more explicit descriptions are available (see Section 2), we can define a Lie bialgebroid as a pair of Lie algebroid structures on a vector bundle A and its dual having a common extension (which turns out to be unique) to a Courant algebroid structure on A ⊕ A * with the symmetric form ( , ) + . For the original Courant bracket, A = T P with the usual bracket of vector fields and A * = T * P with the zero bracket on 1-fomrs. When P is a point, we recover the Lie bialgebras. Lie bialgebroids arise as the linearizations of (possible local) Poisson groupoids G, in which the bracket on A determines G, while the bracket on A * determines a compatible Poisson structure.
If (A, A * ) is a Lie bialgebroid over P , we can now define an (A, A * ) Dirac structure on P to be a maximal isotropic subbundle of the Courant algebroid L ⊂ A ⊕ A * which is closed under the bracket. Since the Lie algebroid anomalies are defined in terms of ( , ) + , they vanish on L, which is therefore an ordinary Lie algebroid.
The main result of this paper, already announced in [11] , is that there is a 1-1 correspondence between (A, A * ) Dirac structures on P satisfying a certain regularity condition and Poisson homogeneous spaces of the form G/H, where G is a Poisson groupoid whose tangent Lie bialgebroid is (A, A * ), and H is a subgroupoid of G which is closed and wide, i.e. containing all the identity elements. (We will assume throughout this paper that all our groupoids are α-connected; i.e. the fibres of the source map are connected). Drinfel'd's theorem is the special case of this for P a point, while for ordinary (i.e. (T P, T * P )) Dirac structures, we recover their description as Poisson structures on quotient manifolds of P .
On the way to our main result, we develop several topics of independent interest. First of all, we extend to (A, A * ) Dirac structures the original application of Dirac structures to Poisson reduction. A technical complication here is that we must deal with quotient spaces for which the projection is not a Poisson mapping. This renders the streamlined methods of "coisotropic calculus" [19] inapplicable, and we need to do a number of computations by hand. Eventually, it will be useful to develop a modified coisotropic calculus to hand Dirac reductions directly. Second, we study pullbacks of Dirac structures under morphisms of Lie bialgebroids. Finally, we discuss the general notion of homogeneous spaces for groupoids.
Here is an outline of the paper. Section 2 is a review of basic definitions and properties of Lie bialgebroids, Courant algebroids, and Dirac structures (we will often omit the prefix "(A, A * )", which is still implied). In Section 3, we establish a correspondence between Dirac structures and Poisson structures on quotient manifolds. Using this correspondence, we characterize in Section 4 the Dirac structures which are invariant under Poisson actions of groups, and we prove Drinfel'd's theorem by extending a (g, g * ) Dirac structure to a left-invariant (T G, T * G) Dirac structure on G.
(Here, the bialgebroid has the nontrivial bracket on 1-forms coming from the Poisson structure on G.) Section 5 contains a theorem about pullbacks of Dirac structures, which is used in Section 6 to extend (A, A * ) Dirac structures on P to "left-invariant" (T G, T * G) Dirac structures on the Poisson groupoid G. These invariant structures are then related to Poisson structures on quotients of P . Section 7 establishes a characterization of Poisson actions of Poisson groupoids. Finally, in Section 8, we define Poisson homogeneous spaces and then use the results of Section 6 to prove our main theorem. 
For a Lie bialgebroid (A, A * ), the base P inherits a natural Poisson structure:
where d * : C ∞ (P ) −→ Γ(A) and d : C ∞ (P ) −→ Γ(A * ) are the usual differential operators associated to Lie algebroids [16] . It is easy to check the identity
Given a Lie bialgebroid (A, A * ) over the base P , with anchors a and a * respectively, let E denote their vector bundle direct sum: E = A ⊕ A * . On E, there exist two natural nondegenerate bilinear forms, one symmetric and another antisymmetric, which are defined as follows:
On Γ(E), we introduce a bracket by
where e 1 = X 1 + ξ 1 and e 2 = X 2 + ξ 2 .
Finally, we let ρ : E −→ T P be the bundle map defined by ρ = a + a * . That is,
When (A, A * ) is a Lie bialgebra (g, g * ), the bracket above reduces to the famous Lie bracket of Manin on the double g ⊕ g * . On the other hand, if A is the tangent bundle Lie algebroid T M and A * = T * M with zero bracket, then Equation (5) takes the form:
This is the bracket first introduced by Courant [3] , then generalized to the context of the formal variational calculus by Dorfman [5] . In general, E together with this bracket and the bundle map ρ satisfies certain properties as outlined in the following: 
where
and
Objects satisfying the above properties are called Courant algebroids in [11] . In other words, we have:
In this case, E is called the double of the Lie bialgebroid. 
Proposition 2.5 Suppose that L is an integrable isotropic subbundle of a Courant algebroid
(E, ρ, [·, ·], (·, ·)). Then (L, ρ| L , [·, ·]) is
Dirac structures and Poisson reduction
Suppose that (A, A * ) is a Lie bialgebroid over the base manifold P , with anchors a and a * respectively. Let E = A ⊕ A * denote its double, and let L ⊂ E be a Dirac subbundle. Clearly, L ∩ A is a (singular) subalgebroid of A, and therefore D = a(L ∩ A) is an integrable (singular) distribution on P . We call D the characteristic distribution of L. Let F denote the corresponding (generally singular) foliation of P . 
For any f, g ∈ C ∞ L (P ) admissible, define a bracket by
where e f = Y f + df , which is unique up to a section of L ∩ A. Proof. From the definition, we have
On the right hand side, the first term is skew-symmetric since L is isotropic. The second term is just the Poisson bracket on C ∞ (P ) as defined by Equation (2) . Hence, {·, ·} is skew-symmtric.
Next, we prove that C ∞ L (P ) is closed under this bracket and the Jacobi identity holds. Let [e f , e g ] * denote the component of [e f , e g ] on Γ(A * ). According to Equation (5),
This means that {f, g} is also L-admissible and one can take [e f , e g ] as e {f,g} . It follows that
That is, {·, ·} defines a Poisson structure on P/F.
Q.E.D.
In what follows, we apply the result above to a special class of Lie bialgebroids: Lie bialgebroids of Poisson manifolds. Moreover, we will prove that in this case Dirac structures, roughly speaking, are in one-one correspondence with Poisson structures on quotient spaces of the Poisson manifold.
Given a Poisson manifold (P, π), its cotangent bundle T * P inherits a natural Lie algebroid structure, called the cotangent Lie algebroid of the Poisson manifold P [2] . On the other hand, the tangent bundle T P is a Lie algebroid in an evident sense. It is known that they constitute a Lie bialgebroid [16] . For simplicity, we will use (T P, T * P ; π) to denote this Lie bialgebroid.
As a special case of Theorem 3.2, therefore, any reducible Dirac structure L on its double T P ⊕ T * P will induce a Poisson structure on the quotient space P/F.
Conversely, suppose that D is an integrable distribution on P with foliation F, which is simple. Assume that M = P/F has a Poisson structure. Let J : P −→ M denote the natural projection.
To keep under control the fact that J is not a Poisson map, we define a "difference" bracket
It is easy to see, by using the Leibniz identity of Poisson brackets, that this bracket defines a skew-symmetric bilinear form on the conormal bundle D ⊥ , which in turn induces a bundle map
Let pr : T P −→ T P/D be the natural projection.
It is clear that L is a maximal isotropic subbundle of T P ⊕ T * P , and
To prove that L is integrable, it suffices to show that the bracket is closed for those sections having the form Y f + df according to Property (iii) of Proposition 2.2, since L is isotropic.
Given any f and g ∈ C ∞ L (P ). Let e f = Y f + df be a section in Γ(L). Similarly, let e g = Y g + dg and e {f,g} = Y {f,g} + d{f, g} ∈ Γ(L). It is easy to check that
By virtue of the Jacobi identity, we have
Since the component of [e f , e g ] on Γ(T * P ) is d{f, g} according to the proof of Theorem 3.2, [e f , e g ]− e {f,g} is a section in Γ(T P ). Thus Equation (13) implies that
Hence, [e f , e g ] ∈ Γ(L), and therefore L is integrable.
This proves the following Theorem 3.3 Suppose that P is a Poisson manifold. There is a one-one correspondence between reducible Dirac structures in the double E = T P ⊕ T * P and Poisson structures on a quotient space P/F.
Remark (1). This is a generalization of a result of Courant [3] . As a main motivation for the introduction of Dirac structures, Courant proved that a Dirac structure on T P ⊕ T * P , when P is equipped with the zero Poisson structure, induces a Poisson bracket on a quotient space. In fact, the first part of Theorem 3.3 can be obtained by reducing to the zero Poisson case. This can be seen as follows. If P has a non-trivial Poisson structure, the double T P ⊕ T * P , as a Courant algebroid, is still isomorphic to the double studied by Courant. As a consequence, any Dirac structure will thus induce a Poisson structure on the quotient. However, the converse seems to be new.
(2). If the Poisson structure on the quotient P/F is induced from that on P , i.e., the projection J is a Poisson map, then it is simple to see that L = D ⊕ D ⊥ . This is called a null Dirac structure (see [11] ). Thus, we have proved: a foliation F on a Poisson manifold P is compatible with the Poisson structure iff L = D ⊕ D ⊥ is a Dirac subbundle of E = T P ⊕ T * P .
(3). The result is even interesting when D = 0. In this case, a Poisson structure on the quotient is simply another Poisson structure π 1 on P . Then, L is simply the graph of the bundle map T * P −→ T P induced from the bivector field π 1 − π.
Invariant Dirac structures
This section is devoted to the study of invariant Dirac structures of a Poisson group. As an application, we will give a new proof for the Drinfel'd theorem on homogeneous spaces.
Lemma 4.1 Let P be a Poisson manifold with a Lie group
iff both the characteristic distribution D and the difference bracket {·, ·} 1 defined by Equation (10) are G-invariant.
Conversely, from the assumption, it is easy to see that the bundle map Λ as defined by Equation (11) is G-invariant. Thus L is G-invariant according to Equation (12) .
Remark. We note that in general the group action does not preserve the bracket on the double T P ⊕ T * P unless it preserves the Poisson structure on P . However, as we shall see below, in most interesting cases, we need to study a Poisson group action, which does not preserve the Poisson structure.
Theorem 4.2 With the notation above, suppose that G is a Poisson group and P is a Poisson
G-space. Then the following statements are equivalent:
(ii). The G-action can be reduced to the quotient space P/F such that the reduced action is also a Poisson action.
Recall that, for a Poisson Lie group G, a Poisson manifold P with a G-action is a Poisson G-space iff the following equality:
holds for all k ∈ G, x ∈ P , and f, g ∈ C ∞ (P ), where the function
When L is G-invariant, its characteristic foliation F is also G-invariant. Hence, the action can be reduced to P/F. Moreover, combining Equations (14) and (15), we get
This means that P/F is a Poisson G-space.
Conversely, if both P and P/F are Poisson G-spaces, then Equations (15) and (16) imply Equation (14) , which is equivalent to L being G-invariant.
Q.E.D.
Now, by means of the theory of Dirac structures, we are in a position to explain the Drinfel'd's more or less mysterious theorem regarding Poisson homogeneous spaces, outlined in his short paper [8] (also see [12] for the intepreation of the associated Dirac structures of Poisson homogeneous spaces in terms of Lie algebroids).
To a Poisson Lie group (G, π G ), there are associated two Lie bialgebroids. One is (T G, T * G; π G ) with the canonical Lie bialgebroid structure induced from the Poisson structure on G, and the other is its tangent Lie bialgebra (g, g * ). Identifying T G⊕T * G with the trivial vector bundle G×(g⊕g * ) by left translations, it is clear that there is a 1-1 correspondence between maximal isotropic subspaces L of g ⊕ g * and left invariant maximal isotropic subbundlesL of T G ⊕ T * G. Moreover, we have Proof. Assume that e 1 = X + ξ, e 2 = Y + η ∈ g ⊕ g * , andē 1 =X +ξ,ē 2 =Ȳ +η. HereX,Ȳ andξ,η denote the corresponding left invariant vector fields and 1-forms on G for X, Y ∈ g and ξ, η ∈ g * respectively.
From the fact that [ [20] ), it follows that
This means that
Therefore,
An immediate consequence is the following: Proof. Sections ofL are spanned by those of the form fē, where f ∈ C ∞ (G). The conclusion thus follows immediately from Lemma 4.3 by using Property (iii) of Proposition 2.2.
Given a left invariant T G ⊕ T * G Dirac stuctureL (for the bialgebroid associated with the Poisson structure on G), its characteristic distributionL ∩ T G is just the left translation of the subalgebra h = L ∩ g of g. So its quotient space is G/H, where H is the connected subgroup of G with Lie algebra h. On the other hand, it is well known that G/H is a nice manifold such that the projection is a submersion iff H is closed. In this situation, we call L a regular (g, g * ) Dirac structure. In other words, L is regular if the left translation of h = L ∩ g defines a simple foliation on G. It is simple to see that L is regular iffL is reducible . Thus, by Theorem 4.2, we obtain the following: Every homogeneous G space X is of the form X = G/H, whereH is a closed subgroup of G, with H being its connected component at the unit. Then D =H/H is a discrete group, and the projection p : G/H −→ X is a covering map with structure group D. Any Poisson structure on X can be pulled back to G/H such that p is a Poisson map. Moreover, if one is a Poisson homogeneous space, so is the other. Thus, any Poisson homogeneous G-space X = G/H induces a regular Dirac structure L in g ⊕ g * . It is easy to see that L is AdH-invariant.
Conversely, given a regular Dirac structure L of g ⊕ g * , let G/H be its corresponding Poisson homogeneous G-space. Then, the Poisson structure on G/H can be reduced to a homogeneous
Thus, we obtain the following: 
Pullback of Dirac structures
This section is devoted to a discussion of pullbacks of Dirac structures. It will be used in Section 6 to extend (A, A * ) Dirac structures on P to "left-invariant" (T G, T * G) Dirac structures on the Poisson groupoid G. These invariant structures are then related to Poisson structures on quotients of G.
Given two vector spaces U , V , and a surjective linear map Φ : U −→ V , its dual Φ * : V * −→ U * is injective and Φ * (V * ) = (kerΦ) ⊥ . Writē
Clearly,Φ is a surjective linear map. Given any maximal isotropic subspace L ⊂ V ⊕ V * , we denote byL the inverse imageΦ −1 (L). Then,L is a maximal isotropic subspace of U ⊕ U * , which is called the pullback of L.
Similarly suppose that A −→ P and B −→ Q are vector bundles, and Φ : A −→ B is a surjective bundle map covering a map P → Q. Then, given any maximal isotropic subbundle L ⊂ B ⊕ B * , we may define its pullbackL ⊂ A ⊕ A * as the fiberwise pullback. Then,L is a maximal isotropic subbundle, and the restriction ofΦ onL, denoted by the same symbolΦ, is a vector bundle morphismL −→ L.
Given a vector bundle morphsim ρ : E 1 −→ E 2 , a sectionX of E 1 will be called admissible if ρX corresponds to a section X in E 2 . In this case,X and X are said to be ρ-related. If ρ is surjective, then Γ(E 1 ) is spanned over R (possibly infinite sum but locally finite) by all sections of the form fX for f ∈ C ∞ (P ) andX ∈ Γ(E 1 ) admissible, by the partition of unity.
Applying the obervation above to the bundle morphimΦ :L −→ L, it follows that Γ(L) = span{fē|∀ admissibleē ∈ Γ(L) and f ∈ C ∞ (P )}. Proof. Since Γ(L) is spanned by sections of the form fē, it suffices to prove the following identity:
according to Property (iii) of Proposition 2.2.
Writeē 1 =X +ξ andē 2 =Ȳ +η, whereX andȲ are admissible sections of A under the map Φ, andξ andη are admissible sections of (kerΦ) ⊥ under the map (Φ * ) −1 . Denote by X, Y , and ξ, η their corresponding sections in B and B * , respectively.
Since Φ is a Lie algebroid morphism, by definition (see [9] ),
Moreover, Φ is a Poisson map, where A and B are equipped with the Lie-Poisson structures corresponding to the Lie algebroids A * and B * respectively, since Φ is a Lie bialgebroid morphism. Thus,
where l ξ and l η are the linear functions on B corresponding to ξ, η ∈ Γ(B * ). Therefore,
Thus it follows that (Φ
That is, (Φ * ) −1 : (kerΦ) ⊥ −→ B * is also a Lie algebroid morphism, where (kerΦ) ⊥ is considered as a subalgebroid of A * . Now
According to Equation 5 ,
Since Φ is a Lie algebroid morphism, dη is admissible and is (Φ * ) −1 -related to dη. Similarly, d * X is Φ-related to d * X. Finally, note that <X,η >= ϕ * < X, η >, so d 
Example 5.3 Given a surjective submersion ϕ : M −→ N of manifolds M , N , its derivative defines a Lie algebroid morphism Φ : T M −→ T N . This is also a Lie bialgebroid morphism between
(T M, T * M ) and (T N, T * N ), where T * M and T * N are considered as the cotangent algebroids for the zero Poisson structure. According to Courant [3] , in this case, a Dirac structure simply corresponds to a foliation on the manifold together with a family of closed 2-forms on the leaves. The pullback of the Dirac structure is just the pullback of the foliation by ϕ together with the pullback of two-forms.
Remark. A Dirac structure on a vector space is equivalent to a two-form on a subspace [3] . Thus, we could also pull back an isotropic subbundle by any bundle map, not just a surjection. Of course, the pullback might not be continuous if the map is not of constant rank. Moreover, it is not clear whether the integrability condition is preserved.
Left invariant Dirac structures on Poisson groupoids
To generalize Drinfel'd's theorem on homogeneous spaces from Poisson groups to Poisson groupoids, we will first extend the notion of left invariant Dirac structure from Poisson groups to groupoids. Let (G −→ −→ P ; α, β) be a Poisson groupoid, with Lie algebroid A. Here Γ(A) is identified with left-invariant vector fields on the groupoid. The dual bundle A * can be naturally identified with the conormal bundle of the identity space P in the groupoid, and therefore inherits a Lie algebroid structure according to Weinstein [19] . Moreover, it was shown in [16] that (A, A * ) is a Lie bialgebroid, which is called the tangent Lie bialgebroid of G.
By T α G, we denote the subbundle of T G consisting of all vectors tangent to α-fibers. The group B(G) of bisections of G (submanifolds which project diffeomorphically to P by α and β) acts naturally on G by left multiplication:
As usual, the action lifts naturally to actions on T G and T * G which leave T α G and (T α G) ⊥ invariant.
Define a map Φ : T * G −→ A * as follows: given any x ∈ G and ξ ∈ T * x G, set Φ(ξ) ∈ A * p with
Then, Φ
is a bundle map.
Remark. In terms of symplectic groupoids [2] , Φ is just the β-map of the cotangent groupoid
. However, our symplectic structure on T * G differs a minus sign from the one on the symplectic groupoid T * G −→ −→ A * . Therefore, Φ is a Poisson map.
Another interesting way to think of Φ is as the momentum map for the lifted right action of B(G) on the cotangent bundle T * G. Here A * is considered as a subset of Γ(A) * in the form of delta-distributions. It can be checked that the image of the momentum map is just A * . This also indicates that Φ should be a Poisson map.
The following lemma lists some basic properties of Φ.
(ii). for any X ∈ Γ(A), Φ * X, as a section in T G, is exactly the left invariant tangent vector field X obtained by left translating X along α-fibers;
, and ξ ∈ T * G;
(iv). Φ is a Lie bialgebroid morphism, where (T * G, T G) is equipped with the natural Lie bialgebroid structure associated with the Poisson structure G while (A * , A) is the flipping of the tangent Lie bialgebroid
Proof. The proof for (i)-(iii) is obvious, and is left for the reader. For (iv), since Φ is already known to be a Poisson map, it suffices to show that it is a Lie algebroid morphism. This is, however, quite clear since the Lie algebroid structure on A * is defined in terms of the Lie algebroid structure on T * G by identifying A * with the conormal bundle of P in G [19] . In fact, T * G is a LA-groupoid in terms of Mackenzie [15] .
Proof. Using l K , ∀K ∈ B(G), we denote the B(G)-action on T G⊕T * G. As in the previous section, letΦ be the map (
It is obvious thatΦ is also invariant under the B(G)-action, i.e.,Φ
Suppose thatL is a Dirac structure in
Conversely, the condition (
. Therefore,Φ(L| x ) depends only on the base point p = β(x), and thus defines a subspace L p in A p ⊕ A * p , which is easily seen to be maximal isotropic. Thus we obtain a maximal isotropic subbundle L in A ⊕ A * suct that L =Φ −1 (L). According to theorem 5.1, L must be a Dirac subbundle.
Q.E.D.
When G is a Poisson group, pullback Dirac structures in the sense above correspond exactly to left invariant Dirac strucures as discussed in Section 4. For this reason, we shall call any such pullback a left invariant Dirac structure. Suppose that F is a foliation on G with distribution D ⊂ T G such that G/F is a nice manifold. According to Theorem 3.3, every Poisson structure on G/F corresponds to a Dirac structureL ⊂ T G ⊕ T * G.
Theorem 6.3L is the pullback of a Dirac structure
(ii). {·, ·} 1 is B(G)-invariant; and
Proof. Suppose thatL is the pullback of a Dirac structure L under Φ. ThenL is B(G)-invariant. Thus, D =L ∩ T G is also B(G)-invariant. According to Lemma 4.1, {·, ·} 1 is B(G)-invariant. For (iii), we note thatL ⊂ T α G ⊕ T * G by Proposition 6.2 sinceL is isotropic. Thus it follows that D =L ∩ T G ⊂ T α G. Also note that α * f is constant along α-fibers, so D ⊂ T α G implies that α * f is admissible. Therefore, {α * f, g} 1 is well-defined. Now since dα * f ∈ (T α G) ⊥ = kerΦ ⊂L, we may choose
Conversely, assume that (i)-(iii) hold. So, for any f ∈ C ∞ (P ), α * f isL-admissible. As in Section 3, let Y α * f ∈ X (G) be any vector field that
is spanned by all such vectors, it follows that kerΦ ⊂L.
By Lemma 4.1, (i)-(ii) imply thatL is B(G)-invariant.
ThusL is the pullback of L according to Proposition 6.2 .
Q.E.D.
Poisson actions
Let G −→ −→ P be a Poisson groupoid with Poisson tensor π G . Suppose that G acts on a Poisson manifold (X, π) equipped with a moment map J : X −→ P . Here, the action is a map
For example, consider a complete Poisson group H with dual Poisson group H * . Then G = HH * is a symplectic groupoid over H * . Suppose that X is a Poisson H-space with an equivariant momentum map J : X −→ H * . Then, (X, J) is a Poisson G-space under the G-action [22] :
Any bisection K of the groupoid induces a diffeomorphism of G by left multiplication by K. This is denoted by l K . On the other hand, we also can define a diffeomorphism of X by x −→ K · x, ∀x ∈ X. This is also denoted by the same symbol l K when confusion is unlikely.
A section of the moment map is a submanifold of X to which the restriction of J is a diffeomorphism. Similarly, a local section of J is a submanifold Y of X to which the restriction of J is a diffeomorphism between Y and an open subset J(Y) of P . If J is a submersion, through any point of X there always exists a local section of J. A global section Y induces a map, denoted by r Y , from G to X given by: g −→ gY. Similarly, given any compatible (g, x) ∈ G * X (i.e. β(g) = J(x)), a local section Y through the point x induces a map r Y from a neighborhood of g to a neighborhood of x in the same way.
The main theorem is the following:
Theorem 7.1 Suppose that G −→ −→ P is a Poisson groupoid acting on a Poisson manifold equipped with a moment map J : X −→ P . This is a Poisson action iff (i). For any f ∈ C ∞ (P ),
where x ∈ X and u = J(x).
(ii). For any compatible (g, x) ∈ G * X,
where u = β(g) = J(x), K is any local bisection of G through g, and Y any local section through the point x.
Remark (1). Here r x denotes the map: g −→ g · x from β −1 (u) to X. Since X α * f (u) is tangent to β −1 (u), the right hand side of Equation (23) makes sense.
(2). When G is a Poisson group, i.e. P reduces to a point, the first condition is satisfied automatically, and the second one reduces to the usual condition of Poisson action since π G (u) = 0.
Proposition 7.2 Under the hypotheses of Theorem 7.1, if the action is a Poisson action, then
Proof. Let x ∈ X, J(x) = u and ξ, η ∈ T * u P be any covectors at u. For any g ∈ G with β(g) = u, as covectors at the point (g, x, gx), both (−β * ξ, J * ξ, 0) and (−β * η, J * η, 0) are conormal to Ω. Therefore,
. That is J * π = π P . In other words, J is a Poisson map.
where ǫ : P −→ G is the inclusion of the unit space.
Proof. As a tangent vector in T (u,x) (G * X), (δ u , δ x ) can be split into the sum of (ǫ * J * δ x , δ x ) and (δ u −ǫ * J * δ x , 0). It is easy to see that m * (δ u −ǫ * J * δ x , 0) = (r x ) * (δ u −ǫ * J * δ x ) and m * (ǫ * J * δ x , δ x ) = δ x . This proves the lemma.
Q.E.D. 
Proof. Let u = β(g) = J(x), and δ u = l K −1 * δ g . Then, δ u is a tangent vector of G at u. It is clear that
Lemma 7.6 Suppose that G −→ −→ P is a Poisson groupoid. Then for any f ∈ C ∞ (P ) and u ∈ P , X α * f (u) − X β * f (u) is tangent to P and equals X f (u).
Proof. As a covector of G at u, α * df − β * df is clearly conormal to the unit space P . Since P is a coisotropic submanifold, it follows that X α * f (u) − X β * f (u) is tangent to P . Hence
Proposition 7.7 Suppose that G −→ −→ P is a Poisson groupoid acting on a Poisson manifold X with moment map J : X −→ P . Suppose that the action is a Poisson action. Then, for any f ∈ C ∞ (P ),
where u = J(x).
Proof. Take any g ∈ G such that β(g) = J(x). Then (g, x, z) with z = gx is in Ω. For any ζ ∈ T * z X and f ∈ C ∞ (P ), as covectors at (g, x, z), both (−r * Y ζ, J * ǫ * r * Y l * K ζ − l * K ζ, ζ) and (−β * df, J * df, 0) are conormal to Ω. Therefore,
where the last step uses the fact:
Also,
where u = β(g) = J(x), K is any bisection of G through g, and Y any local section through the point x.
Lemma 7.9 For any u ∈ P and η ∈ T * u G,
Proof. It is clear that α * ǫ * η−η, as a covector of G at u, is conormal to P . Hence, X α * ǫ * η (u)−X η (u) is tangent to P . It follows that
This completes the proof of the lemma.
Q.E.D. Proof. It is easy to see that a G-space of the form G/H is homogeneous, since the image of the identity section of G is a saturating section of G/H. On the other hand, given a homogeneous space X with saturating section σ, we define a map θ : G −→ X by θ(g) = g · σ(β(g)). θ is surjective: for every x ∈ X we have x = g · σ(p) for some g ∈ G and p ∈ P ; then β(g) = J(σ(p)) = p, so
Since g −1 h can act on only one element of σ(P ), it follows that g −1 h belongs to the isotropy groupoid H of the section σ. Also, for n ∈ H, θ(gn) = gn·σ(β(gn)) = g·σ(p) for some p. But β(g) = J(σ(p)), so
It follows that θ induces a bijection (which can be checked to be G-equivariant) from G/H to X.
Q.E.D.
Let (G −→ −→ P, α, β) be a Poisson groupoid, and H a connected closed subgroupoid. Suppose that X = G/H is a Poisson manifold. Write p as the natural projection: G −→ X. Let {·, ·} 1 be the difference bracket from C ∞ (X) ⊗ C ∞ (X) to C ∞ (G) as defined by Equation (10):
X is a homogeneous space of the groupoid G. Write J as its moment map: X −→ P . Then, J•p = α. The main theorem of this section is Theorem 8.3 X is a Poisson homogeneous space iff
i.e., {·, ·} 1 is left invariant; and (ii). for any f ∈ C ∞ (P ) and ψ ∈ C ∞ (X),
We split its proof into two propositions.
Proposition 8.4
The following statements are equivalent:
(ii). For any f ∈ C ∞ (P ) and ψ ∈ C ∞ (X) {J * f, ψ} 1 = 0.
Hence,
This shows that Equation (30) is equivalent to Equation (24) with Y = p(R). The conclusion thus follows from Theorem 7.1 together with the remark following its proof.
Q.E.D.
A Dirac structure L of A ⊕ A * is called regular if L ∩ A is a subalgebroid of A whose left translation defines a simple foliation on G 3 . Then, L is regular iffL is reducible . Thus, combining Theorem 6.3 and Theorem 8.3, we obtain the following main theorem, which is a generalization of Drinfel'd's theorem in the groupoid context. We end this section with some examples. There is a one-one correspondence between reducible Dirac structures in the double E = T * P ⊕ T P and homogeneous G-spaces X equipped with a compatible Poisson structure in the sense that the moment map J : X −→ P is a Poisson map.
It is worth noting that when P is symplectic, for a given null Dirac structure on E = T P ⊕ T * P , the corresponding pair of Poisson homogeneous spaces in Example 8.8 and 8.9 correspond to a Poisson dual pair. In other words, for a symplectic manifold P , a null Dirac structure on E = T P ⊕ T * P , under a certain regularity condition, corresponds to a Poisson dual pair. It would be interesting to explore what happens for a general Dirac structure, and also even more general situation when P is degenerate.
The last example is the following Example 8.11 As in Example 8.9, let P be an integrable Poisson manifold with symplectic groupoid G, and E = T * P ⊕ T P .
On the other hand, it follows from the fact that Im(α * θ) b ⊂ T α G ⊥ and T α G ⊥ ⊂ kerΦ that
That is, in case that β * θ = α * θ, the affine Poisson structure π G + Φ * θ is non-degenerate and the corresponding symplectic form is ω + α * θ.
Thus, when P is a zero Poisson manifold, its symplectic groupoid is T * P equipped with the canonical cotangent symplectic structure. In this case, α = β and is just the natural projection from T * P to P . A hamiltonian operator corresponds to any closed two form θ on P . The homogeneous space corresponding to its induced Dirac structure is again T * P , with the non-degenerate Poisson structure coming from the sum of the canonical 2-form and the pullback of θ by the projection T * P −→ P .
